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Walsh-Fourier Series of This Function
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Abstract. The local smoothness conditions on a function are obtained, which
guarantee convergence almost everywhere on some set of positive measure of
the double Walsh-Fourier series of this function summed over rectangles.
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1. Discussion and Setting of the Problem

Studies on convergence (including convergence almost everywhere) of series with
respect to the classical orthonormal systems (in particular, the trigonometric and
the Walsh systems) is one of the central problems in the modern theory of Fourier
series.

In the present paper we shall consider Fourier series with respect to the
Walsh-Paley system (which have different applications and, in particular, are used
in the digital data processing).

As it is known, in 1961 E.Stein [1] proved that the one-dimensional Walsh-
Fourier series of a function f € L;(I'), where I' = [0,1), can unboundedly diverge
almost everywhere (a.e.) on I'. Moreover, in 2004 S.V.Bochkarev [2] obtained the
following result: there exists a function f € ®(I') = @ (I') (where ®, = up(u),
and ¢(u) is a non-decreasing on [0, 0o) function, ¢(0) = 1 and ¢(u) = o((logu)?)
as u — 00), whose Walsh-Fourier series unboundedly diverges everywhere on I'.
On the other hand, as it was proved in 2003 by P.Sjolin and F.Soria [3], if a
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function f € Fi(I') = L(log™ L)(log™ log™ log™ L)(I') then Walsh-Fourier series
of this function already converges a.e. on I'.

The question arises: if for some measurable set E C I', uE > 0 (u is the
Lebesgue measure on line) a function f € Fi(E) N ®(I'), or (in the “scale” of
Lebesgue classes) a function f € L,(E)NLy (I'), p > 1, then what can be said about
convergence a.e. of the one-dimensional Walsh-Fourier series of this function, in
particular, about convergence a.e. on the set E (where the function f is “sufficiently
smooth”) or on some of its subsets £1 C E, uE; > 07

In this case, the following question naturally arises: what must be the struc-
ture of the set E — open, closed, G, etc., what must be its boundary.

The analogous question can be posed as well for the N - dimensional (N > 1)
Walsh-Fourier series, namely: on what measurable subsets E C IV, where IV =
[0,1)" is the N-dimensional cube, it is possible to “localize” these or those con-
ditions on a function f, defined on the whole IV, which “guarantee” convergence
a.e. on the whole IV of the multiple Walsh-Fourier series summed over rectangles.
In the multiple case besides the question concerning the structural characteristics
of the set E the question arises concerning the geometric characteristics of this
set.

Denote as F(IV) the class of summable (on IV) functions such that for any f
in this class (f € F(IV)) the multiple Walsh-Fourier series (summed over rectan-
gles) of the function f converges a.e. on I'V. So, we are interested in the question
concerning correlation between the structural and geometric characteristics of the
set E and the smoothness of the function in the framework of these or those sub-
spaces JF of the space L.

In the present paper we shall give some solutions of the posed question for
double Walsh-Fourier series summed over rectangles.

As to the one-dimensional case, taking account of the classical principle of
localization (see [4] or [5, p. 70])!, and the mentioned earlier result by P.Sjolin and
F.Soria [3], we can give a partial answer to the posed above question: for any open
ae?set B, E CT', uE > 0 and for any function f € Fi(F) N ®(') (for any
function f € L,(E) N Ly(I'), p > 1) the one-dimensional Walsh-Fourier series of
this function converges a.e. on the set E.

Note that in the setting of the problem we posed the question about conver-
gence a.e. of Walsh-Fourier series in the classes F(E) N Ly (I') on the set E (or on
some of its subsets £y C FE), and this is connected with the fact that outside the
set E the Walsh-Fourier series of a function f € F(E) N Lq(I') can, in general,
diverge. For example, it is not difficult to prove (taking account of [2] and [4]), that
for any open set E with boundary of measure zero or for any closed set E, E C I*,
pE > 0 there exists a function f € Lo (E) N ®(I'), whose Walsh-Fourier series
unboundedly diverges a.e. outside the set E.

I'Walsh-Fourier series of a function f € L1 (T'), f(z) = 0 on an open interval J C T' converges
uniformly to zero on each segment which is entirely contained in J.
2The set E is called open a.e., if there exists an open set E; such that u(EAFE;) = 0.
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For trigonometric Fourier series investigations of this type were carried in the
one-dimensional case by G.Alexits, N.K.Bari, S.B.Stechkin, P.L.Ul’'yanov (see [6,
p. 350-354]), and in the multi-dimensional case (N > 1) by I.L.Bloshanskii [7].

2. Notation

Let us denote as {w,}3%, = {wn(2)}3%,, = € [0,1) = I' the Walsh system
in Paley enumeration (see, e.g., [5]), i.e. the system of functions constructed as
follows. Let us consider the function

1, forz €0, %),

rol®) = {—1, for z € [, 1).
Continue this function with period 1 to the entire number line and define the
Rademacher system {r}22, by setting ry(z) = ro(2*z), k=0,1,... .

Next, we represent each positive integer m as the sum m =3 £;2¢, with
gg=0or1lfori=0,1,....,k—1and g = 1.

The Walsh functions w,,(x) are defined as follows: wo(z) = 1,

k
wm(z) = | [ (ri(2))®, m=1,2,....
i=0

Note that the system {w, }°, is orthonormal on I' and complete in the space
L,(I') for each p, 1 < p < oo.

Let ZVN, ZN c RN, N > 1 be a set of all vectors with integer coordinates,
assume ZY ={n=(n1,...,ny) € ZN : nj > a, j=1,...,N}, a € Z'. Further,
for x = (z1,...,zn) € IV, where IV =[0,1)" and k = (k1,...,kn) € Z', denote
as wi(x) = w, (1) X+ - - Xwg y (2 ;) the multiple Walsh-Paley system. Let a function
f € Li(IV) be expanded into a multiple Walsh-Fourier series with respect to the
system {wy}rezn:

fla)~ > crwr(a),
kezl
where

Ck = Chy,...kny = / f(z) wg(x) dz (1)
HN

are Walsh-Fourier coefficients of the function f.
We consider the rectangular partial sum of this series
ni—1 ny—1
Sn(z; f) = Z Z crwi(z), n=(ni,...,ny)€ZY,
k1=0 kn=0
whose particular case is the square partial sum Sy, (z; f), when n; = ... =ny =
no.
Let E be an arbitrary measurable set, E C IV, uE > 0 (u = px is the
N-dimensional Lebesque measure), and let F(E) be a subspace of Lq(E) such
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that the multiple Walsh-Fourier series (summed over rectangles) of any function
f € F(IV) converges a.e. on IV,

We study the behavior of S, (z; f) as n — oo, i.e. minj<;<nyn; — oo (or
Sno (w5 f) as ng — o0) on IV depending on the smoothness of the function f (i.e.
on the type of the space F(I'V)) and on the structural and geometric characteristics
of the set F.

3. Some Results on Convergence of Double Walsh-Fourier Series

For square summation the double Walsh-Fourier series (as follows from the result
of F.Méricz, [8]) converges a.e. on 12 for functions in the class Lo (I?), whereas
for rectangular summation the double Walsh-Fourier series can diverge a.e. on I?
even for the continuous on I? function (see the result of R.D.Getsadze [9]). From
the theorem of E.M.Nikishin [10] concerning the Weyl multipliers (for convergence
over rectangles of the double Fourier series with respect to the system of the form
{¥n, (21) - ny (2) }55 1,1 > Where {th, (25)}5°—1, s = 1,2 is the orthonormal on
a segment system of functions) and the result of P.Billard [11] concerning conver-
gence of the one-dimensional Walsh-Fourier series of functions in Lo it follows: if
the following condition on Fourier coefficients (1) of the function f € Lo(I?) is
true:

o0
> eky, kal? - log? [min(|ka |, [k2l) + 2] < oo, (2)
k1, ka=0
then the double Walsh-Fourier series summed over rectangles of the function f
converges a.e. on I2.

Let us note, that in solution of the problem (considered in the present paper)
for one-dimensional Walsh-Fourier series we used (see section 1) the validity (for
N =1 in the class L) of the principle of the classical localization, which permits
to state that for any open (nonempty) set £ C I' and for any function f € Ly (I')
such that f(z) =0on E

lim S, (x; f) =0 uniformly on any compact set K C E. (3)

n—00

Unfortunately, for multiple (i.e. for N > 2) Fourier series (both with respect
to the trigonometric system and to Walsh system) such localization is not true
even for continuous functions (for more details see our papers [12], [13]).

Being in the framework of the classes L, (I"V), p > 1 we “replaced” in (3) the
uniform convergence by the convergence a.e., introducing the following concept of
the generalized localization almost everywhere (see [14], [15]3).

Let E, E CI¥, N > 1 be an arbitrary set of positive measure. On the set £
for multiple Fourier series of functions in the classes L,(IV), p > 1 the generalized

3In the paper [14] the concept of the generalized localization a.e. was introduced for trigonometric
Fourier series.
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localization almost everywhere is valid if for any function f € L,(IV), f(z) = 0 on
E the multiple Fourier series of the function f converges a.e. to zero on the set E.

In 1995 in [12] for N = 2 we proved the validity of the generalized localization
a.e. for the double Walsh-Fourier series summed over rectangles on arbitrary open
(open a.e.) set in the classes L,(I%), p > 1 (see [12, Theorem 1]).

Concerning the cases N =2, p=1and N > 2, p > 1, in the same paper [12]
(see also [15]) we ascertained the invalidity of the generalized localization a.e. in
the indicated cases not only on the open sets, but also on any non-dense in IV set.

Later in [16] (see also [17] and [18]) we (extending the notion of general-
ized localization a.e. on the Lebesgue-Orlicz classes) strengthened the result (of
Theorem 1) of the paper [12], proving the following theorem

Theorem A. Let E, E C I? be an arbitrary open a.e. set, pwE > 0. For any
function f € L(log* L)2(I?), f(z) =0 on E

lim S, (z;f) =0 almost everywhere on E.
n—00

Thus, for double Walsh-Fourier series summed over rectangles of the function
in the classes L(log™ L)2(I2) the generalized localization a.e. is true on the open
a.e. sets, but, as it was already said, the generalized localization a.e. is not true in
the class L;(I?) on the wide class of sets, in particular, it is not true on the open
sets.

Being again in the framework of classes L,(IV), p > 1, it was natural (the
same way, as for the trigonometric system, see [15]) to pass to a more refined
apparatus for studying the behavior of the Fourier series of a function f on the sets
where f equals zero, namely, to the concept of “the weak generalized localization
a.e.” (on the set E the weak generalized localization almost everywhere is true, if
for any function f € L,(IV), f(z) = 0 on E the multiple Fourier series of the
function f converges a.e. to zero on some subset Ey, Eg C E, uFEy > 0).

In the paper [13] (see also [15], [18]) we obtained the criteria of the weak
generalized localization a.e. in the class Li (IV), N > 1. For N = 2 let us formulate
the particular case of this result (see [13, Theorem 2]), and for this let us give the
following definitions.

Let us consider on the axis Oz; an arbitrary (nonempty) open set ; C
I', =1, 2, and denote as W° and W the sets

WO = (Q xI') N (I x Q) (4)
and

W=WW° = (Q xI') U (I' x Q). (5)
We shall say that a set E possesses property B; if there exists a set W of the
form (5) such that u (W\ E) = 0; property B; is property B, (W?) if W = W (W?).
Further, let us denote by pr(mj){P} the orthogonal projection of the set
P, P C I’* onto the axis Ox;, j = 1, 2; by int (P) the set of interior points

of P; by P the closure of the set P and by Fr P the boundary of P.
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Let E be an arbitrary measurable set, £ C I?, uE > 0. Let us denote
G =12\ E and consider the following two conditions on Fr E:

p(G\int(G)) = 0,1 (6)
H1 (FT.pT(IL’j){int (G)}) 0, j=12, (7)

where @ = po is the measure on the plane, p; is the measure on the line.

Theorem B. Let E be an arbitrary measurable set, E C 12, pE > 0, and let
G=1I2\E.
1. If for some set W° of the form (4) the set E possesses property By(W?9), then
for any function f € L1(I?), f(x) =0 on E

lim S, (z;f) =0 almost everywhere on WP°.
n—00

2. Let in addition the set E satisfy conditions (6) and (7). If the set E does not
possess property By, then there exists a function f(©) € Li(1?), f©(z) =0
on E such that

im |S,(z; f )] = +o0o  almost everywhere on 12
n—00

4. Main Results

In the present paper, basing on Theorem A, we have obtained the result which
shows possibility “to localize on an open a.e. subset” E C I? condition (2) of
convergence a.e. on the whole cube I? of double Walsh-Fourier series.
Let E, E C I? be an arbitrary set of positive measure. Assume
2

F(E) = {f € Ly(E) : i // f(z1, x2) wi, (1) Wk, (z2) doy dxo
E

k1,k2=0
x log?[min(|ky], |ka|) + 2] < +oo }

Theorem 4.1. Let E be an arbitrary open a.e. set, E C 12, pE > 0. For any
function f € F(E)NL,(I?), 1<p<2

lim S, (z; f) = f(z) almost everywhere on E.
n—00

Further, taking into account geometry of the set £ C 12, and basing on
Theorem B, we can get the following result, which shows under what conditions it
is possible “to localize on some subset” of the set E condition (2) (of convergence
a.e. on the whole cube I? of the double Walsh-Fourier series) in the case when on
the whole I? the function is in the class L; only.

4In particular, the sets G such that u {int G} = p G satisfy this condition; in it’s turn the, last
condition is true, for example, for an arbitrary open set.
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Theorem 4.2. Let E be an arbitrary measurable set, E C 12, nE > 0, with con-
ditions on the boundary Fr E — (6) and (7), and let the set E have an open
(nonempty) subset E°. For any function f € F(E°) N L(log™ L)?(E) N L1(12),

lim S,(z; f) = f(x) almost everywhere on E° c W°
n—00

if and only if the set E possesses property B;(W?), where
WO = (pre) {E°} x I') N (I' x prz,){E°}). (8)

Remark 4.3. In the part of sufficiency the result of Theorem 4.2 is true without
the restrictions (6) and (7).

Taking into account “more fine” structural and geometric characteristics of
the sets F and E° (which appear in Theorem 4.2), it is possible to obtain the
following result

Theorem 4.4. Let E be an arbitrary measurable set, E C 12, pE > 0, with
conditions on the boundary Fr E — (6) and (7), and let E° be an open (nonempty)
subset of E. If the set E possesses property B1(W?9), where the set W° is defined

in (8), but for any set W° of the form (4) such that M(WO \ W% >0 the set E
does not possess property B;(W?), then
L. If u(I2\ W°) > 0, then there exists a function f € F(E®)N L(log™ L)?(E) N
L1 (%) such that

lim |S,, (z; f)| = +oo  almost everywhere on 12\ W°.
n—00

2. If pf(WO\ E®) > 0, and uFr E° = 0, then there exists a function f e
F(E®) N L(log™ L)?(E) N Ly (I?) such that

lim | S, (z; f V)| = 400 almost everywhere on 12\ E°.
n—00

And finally, let us once more turn our attention to the questions of conver-
gence a.e. of Walsh-Fourier series in the classes F(E) N L,(IN), p > 1, N > 1
outside the set E (see section 1), this time for N = 2. Basing on the result concern-
ing general properties of sequences of linear operators obtained by I.L.Bloshanskii
in [19] (see [19, Theorem 1] ) and using the function constructed by R.D.Getsadze
in [9] we can get the following result.

Theorem 4.5. For any closed set E C 12, uE > 0 there exists a function f €
Loo(I?), f(z) =0 on E such that

1. lim Sp(z;f) =0 almost everywhere on E,
n—00

2. lim [S,(z; f)| = +oo almost everywhere on 12\ E.
n—00

Remark 4.6. For any (nonempty) open set E, E C 12 with the boundary of measure
zero the result similar to the result of Theorem 4.5 directly follows from [9] and [15].
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Linear Transformations of R" and Problems
of Convergence of Fourier Series of Functions
Which Equal Zero on Some Set

I.L. Bloshanskii

Abstract. Let 9 be a class of (all) linear transformations of R, N > 1. Let
A= ATY), TN = [~m,7)" be some linear subspace of Li(T"), and let 2
be an arbitrary set of positive measure 2 C TV,

We consider the problem: how are the sets of convergence and divergence
everywhere or almost everywhere (a.e.) of trigonometric Fourier series (in case
N > 2 summed over rectangles) of function (f o m)(z) = f(m(z)), f € A,
f(x) =0o0n A, m € M, changed depending on the smoothness of the function
f (i.e. on the space A), as well as on the transformation m.

In the paper a (wide) class of spaces A is found such that for each A
the system of classes (of nonsingular linear transformations) ¥y, ¥, C MM
(k = 0,1,...,N), which “change” the sets of convergence and divergence
everywhere or a.e. of the indicated Fourier expansions is defined.

Mathematics Subject Classification (2000). Primary 42B05.

Keywords. Multiple trigonometric Fourier series, convergence and divergence
everywhere and almost everywhere, linear transformations, rotation group.

1. Discussion of the Problem

In the theory of Fourier expansions the following problem plays an important role:
how properties of Fourier expansions are affected by modifying the function that
generates these expansions?

In the one-dimensional case to this range of problems, for example, the fol-
lowing result belongs obtained in 1940 by D.E.Men’shov [1] (for trigonometric
Fourier series): any measurable function finite almost everywhere on T! = [—7, )
(in particular, any continuous function f, f € C(T?)), can be changed on a set of

This work was supported by grant 05-01-00206 of the Russian Foundation for Fundamental
Research.
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arbitrary small measure so that the obtained function has the uniformly convergent
Fourier series.

Let us also note the classical problem posed by N.N.Luzin: does a continuous
function exist such that, after the continuous transformation of variable, it becomes
a function with absolutely convergent Fourier series. As it is known the answer
to this question turned out to be negative: in 1981 A.M.Olevskii [2] proved the
existence of a function f, f € C(T?!), such that for any homeomorphism ¢ : T! —
T!, — the Fourier series of superposition (f o ¢)(xz) = f(x(z)) is not absolutely
convergent. Let us mention, as well, the result of 1935 by H.Bohr [3], who proved
that for any continuous function f there exists a homeomorphism ¢ : T* — T?,
such that the Fourier series of superposition f o ¢ is uniformly convergent. (The
detailed survey of the concerning results in the one-dimensional case see in the
papers of J.P.Kahane [4] and A.M.Olevskii [5, 6].)

As for the multiple case, in 1998 A.A.Saakyan [7], generalizing the result of
H.Bohr, proved that for any function f € C(TV), TV = [-m, 7)Y, N > 2 (and
therefore, for the continuous function with trigonometric Fourier series rectangu-
larly divergent everywhere on TV — see the example of Ch.Fefferman [8]), there
exists a homeomorphism ¢ : TV — T¥ such that trigonometric Fourier series of
superposition f o ¢ uniformly rectangularly converges. The same year S.Galstyan
and G.Karagulyan [9] proved an “opposite” (in a certain sense) result, namely:
for any function f € C(TV), N > 2 (which has no intervals of constancy in TV)
there exists a homeomorphism ¢ : TV — T¥ such that the Fourier series of f o
rectangularly diverges almost everywhere (a.e.).

In 2000 O.S. Dragoshanskii [10] published the following result: there exists a
function f € C(T?) (whose support belongs to the square [, ]?) such that the
double trigonometric Fourier series of f converges rectangularly a.e. on T?, while
the same series but of the function f o 7, where 7 is a rotation of the coordinate
system R? on an angle 7 diverges rectangularly on its support. In the same pa-
per it was proved that rotation on the angle 7 can “spoil”, as well, the uniform

convergence of the series under consideration.

We [11] in 2002 studied the problem concerning convergence everywhere and
a.e. of multiple trigonometric Fourier series (summed over rectangles) of the func-
tion for, when f € Li(TV), N > 2, f(z) = 0 on some subset (of positive measure)
of TN, and 7 is a rotation of the coordinate system RY on an arbitrary angle.

In its turn, the results earlier obtained by us (see, e.g., [12]— [18]) which de-
scribe the structural and geometric characteristics (SGC) of sets of convergence
and divergence a.e. and everywhere for multiple trigonometric Fourier series, mul-
tiple Walsh-Fourier series (summed over rectangles) and multiple Fourier integrals
of functions f from various functional spaces A (e.g., L1, Orlicz classes L(log™ L)*,
s > 1, the classes Ly, 1 < p < oo, C, HY, etc.), f equals zero on some set 2 of
positive measure, permit to make some conclusions concerning convergence a.e.
and everywhere of multiple Fourier expansions of the superposition f o, when
feA f(r) =0on %, and ¢ belongs to some class ¥ of linear (e.g., orthogonal)
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transformations of RV, ¥ C 9, where 91 is the set of (all) linear transformations
of RV,

It is a matter of interest to find (describe) all those classes of transformations
W, which for the given space A “change” the sets of convergence and divergence
everywhere or a.e. of the multiple Fourier expansion of a function f in the space A
(f(z) = 0 on some set of positive measure), i.e. to give description of pairs (A, ¥).

2. Notation

Consider the N-dimensional Euclidean space R, whose elements will be denoted
as = (x1,...,oN), and set kx = ki + -+ kyey, |z) = (22 + ..+ 2%)V2

Let Z, ZN c R be a set of all vectors with integer coordinates, let us also
define the set ZY = {n = (n1,...,ny) €ZY : n; >, j=1,...,N}, a € Z.

Let S, (x; f), n € ZY¥, N > 1 be the rectangular partial sum of trigonometric
Fourier series of a function f € Ly(TN), TN = [—m, ), whose particular case
is the square partial sum S, (z; f), when ny = ... = nx = ng. Let A = A(TY)
be some linear subspace of the space Li(T), 2 — an arbitrary measurable set,
A c TV, u2t > 0 (p = pn is the N-dimensional Lebesgue measure), and let
f(z) =0 on .

We investigate how does the behavior of Sy, (z; f) as n — oo, i.e. 1£r}i<nN n; —

oo (or Sy, (x; f) as ng — 00) on TV depend on the smoothness of the function f
(i.e. on the type of the space A), on the “modification” of the function f, and,
finally, on the structural and geometric characteristics of the set 2 (SGC(2)).

3. Definition of the System of Functional Spaces

Denote as F = Fy = {A,(Cj )}k ~a matrix N x 6, whose elements are functional
J

spaces A,(Cj) = A,(Cj)(TN), k=1,....,N; N > 1and j € {0} JJ, where J =
{1,2,...,5}. The spaces A,(CJ) will be defined as follows. For k = 1,2 we set:

AD = A0 =y jeg; AV =AM =L; AP =AP =1L,;
AP =L, 1<p<2 AP =Logt L)% (3.1)

For k =3,..., N we set:

A(O) )

where @®)(§) is the modulus of continuity E(k)(5) = Eg\k)((S) = A(0) - (log %)—[3]7
where [€] is the integral part of ¢, and A(d) is a function increasing to +oc as
d — +0 and A\(d) = o(loglog %) 0 — +0;

—1) (k—l)

A(l) and A(z)
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where w*=1(§) = wék_l)(& = (log%)_%_a, 0<e<i;?

k—1

A(S) {f € Ly(TV) : Z lenl? - max H log(|n;,

p— 1<j1<...<Jk-—
n

+2)< +oo}
where ¢, = ¢, (f) are Fourier coefficients of function f; and, besides, we set

“4) _ Ny .
Ay = {fEL (T Z |en]? log?] g ax I?;?(|ns|,|m|)+2] <—|—oo},

1,2, N
nezZN

A;(;S) = H“’(l), where w®(8) = 0([log
For k=4,..., N we set:

5 loglog log ;] b, § = 0.

AL =AY =AY

Let us note that “smoothness” of functions f € A,(Cj)(’IFN ) certainly “in-
creases” with the growth of the number k, i.e. A,(Cj) D A,(lel, je{0tUJ, k =
1...,N—1.

Let us also note that the classes A,(Cj ) (TY), j € J have the following property:
in the case k > 1 for any function f € A,(Cj )(Tk_l) convergence of (k — 1) -multiple
trigonometric Fourier series summed over rectangles takes place a.e. on T*~! (see
results of L.Carleson [19], R.Hunt [20] (k = 2); K.I.Oskolkov [21], P.Sj6lin [22]
(k = 3); L.V.Zhizhiashvili [23] and [24], F.Méricz [25] (k > 4)).

The indicated (“functional”) matrix F was introduced by us in the paper [26].

4. Definition of the Classes of Linear Transformations of RY

Let 90 be a class of (all) linear transformations of RN, N > 1. Denote as ¥y, ¥; C
M the class of linear nonsingular transformations, whose inverse transformations
have matrices A = {ahm}f\{m:l, satisfying condition: there exists s, 1 < s < N
such that

s 1. 4.1
max fai,s] < (4.1)

Further, in the case of dimension of the space N > 2, we define the following
N subsets of ¥y.

First, for any k, 2 < k < N, we define the class of transformations ¥y:
¥ € Wy if the matrix A of inverse (to 1) transformation 1! satisfies condition:

there exist mqy,...,mi, 1 <my < ...<my < N such that
1. 4.2
1£nliXN{|alm1|+ A larm} < (4.2)
For classes of transformations ¥, ..., ¥y, the embeddings are obvious: ¥; D

Uy D...D Uy.

INote that .A,(co) C .A,(cl) if k is even, k > 4.
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Second, for N > 2 we define the class of transformations o C ¥q. Let F be
a group of rotations of RY about the origin, and let Fy be a set of rotations from
F, that are compositions of rotations in all the two-dimensional coordinate planes
by angles which are integer multiple of 7. Set?

Uy = F\ Fo. (4.3)

5. Setting of the Problem and Approaches to Its Solution

We pose and study the problem: how are the sets of convergence and divergence
(everywhere or a.e.) of trigonometric Fourier series (in case N > 2 summed over
rectangles) of function f, belonging to one of the spaces A (elements of the matrix
F) and vanishing on some measurable set 2 C TV, 0 < p2 < 2m)N, N > 1,
(1 = pn is the Lebesgue measure) changed (if changed) in dependence on the
transformation ¢ € ¥, where ¥ = ¥y, 0 < k < N7 Thus, we want to “describe”
a pair (A, ).

Further, for any set £ C RY and any m € 9 we define the set m(E) =
{y € RN : y = m(z), z € E}. Analogously the set m~!(E) is defined, where
transformation m~! is such that: m~!-m = 1 (if m~! exists). It is obvious that for
any E C TV there exists m € 9 such that m(E) ¢ TV.

Thus, taking into account that (in the present paper) we consider 27-periodic
functions f(x), the question arises: how the Fourier series should be understood
for the function (f om)(z) = f(m(z)), e.g., for rotation (of the coordinate system
of RY), i.e. when m =7 € F.3

Analogously to the paper [11], where we considered the group of rotations F,
we shall formulate two variants how the Fourier series of function fom, m € M
can be understood.

Let us fix an arbitrary m € 9. For any function f € L;(TV)* we define
2m-periodic (for N > 2 — in each argument) functions gr(,ll) (), 1 =1,2, so that on
TN these functions are defined by equalities:

@) = (fom)(z)=f(m(z)), zeTV, (5.1)
9(z) = (fom)(z) = f(m(x)) Xy (m(z)), TV, (5.2)

where x_, (+) is the characteristic function of the cube TN.

Thus, the posed above problem is decomposed into two problems in depen-
dence on the regard to Fourier series of function f o m. Further in the text: for
I =1 — the problem 1, and for [ = 2 — the problem 2.

Earlier we have investigated [12]—[18] (see also [26]) the problem concerning
changes of the structure and geometry of sets of convergence and divergence a.e.

2Tt is obvious that rotations 7 € Fg can not change the sets of convergence or divergence of
multiple Fourier expansions.

3Let us note that for Fourier integrals fRN ﬁ(f)ei”5 d¢, x € RN, of function h € Ly (RY) the
problem “in this sense” does not arise.

4Naturally, the function f(z) is 27 -periodic in each argument.
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and everywhere for (multiple) trigonometric Fourier series (for N > 2 summed over
rectangles) of functions f in A,(CJ)(’IFN), kE=1,...,N,je{0}UJ, f(x) =0 on
some measurable set 2t C T, in dependence on changes of structure and geometry
of the set 2(. So, the both posed problems are reduced (in fact) to the study of the
question concerning changes of structure and geometry of sets ¢~ () N TV and
TN\ supp(f o), in dependence on ¢ € Uy, 0 < k < N.°

Let us note that problem 1, being a more complicated problem, is, at the
same time, a more natural one for trigonometric Fourier series even in the study
of such “unnatural” for these series “problem of rotations”.

Let us show some particular solutions of problem 2, whose results give the
description of the pairs (A, ¥), more exactly, let us formulate the results describ-
ing (some) relation between the “smoothness” (in terms of the matrix F) of the
function f (f(x) = 0 on ) and the transformation ¢ (in terms of the classes Uy, ).

6. The Set of Transformations ¥,, £k =1,..., V.

Solution of Problem 2
Two following theorems give description of the pair (.Agj ), Uy), 5 € {0}UJ, ie.,
taking account of (3.1), —the pair (L, ¥;) (for N = 1 and for N > 1, respectively).
Theorem 6.1. For any ¥ € ¥ and e, 0 < € < 2w, there exist the measurable sets
Q= Q) CTH A =2AEy) C T pQ > 0, p2A > 27 — ¢ and a function
f=fop € Li(TY), f(z) =0 on 2, such that

1. lim |S,(x; f)] = +o0 in each point x € T, (6.1)
n—o0

2. lim S, (z; fot) =0 in each point z € Q. (6.2)
n—o0

Here the notation f o1 is understood in the sense of equality (5.2), i.e. foy) = gff).

Theorem 6.2. Let N > 1. For any ¢ € V1 and e, 0 <e < (2m)N, there exist the
open sets O = Q(e, ), A=A(e, ) : QCAC TN, p2A > 2m)N —¢, 0 < pQ < p2
such that

1. There exists a function f(©) = fa(oi)/) € Ly(TY), fO(z) =0 on A, and

lim |8, (z; f©)| =400 in each point z e TV. (6.3)
no—o0
2. For any function f € Li(TN), f(z) =0 on ,
lim S, (z; fot) =0 in each point x € . (6.4)
n—00

Here the notation f o) is understood in the sense of equality (5.2), i.e. foy) = gff).

Analogous results are obtained for other pairs (Aﬁj ), V), where k <r < N,
je{0tUJfork=r=N,if N =2 andfor 1 <k <2- [Nz_l],isz&namely,
the following theorems are true

5Note that for singular transformations m € 9 the discussed problem becomes trivial.
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Theorem 6.3. For any ¢ € Vs and &, 0 < & < (27)?, there exist the measurable
sets Q = Q(e,v) C T?, A =A(e,¢p) C T?: u > 0, pA > (27)% — ¢ and a function
f=fop € Loo(T?), f(x) =0 on A, such that

1. lim |S,,(x; f)| = +oo  for almost all z € T?, (6.5)
n— o0

2. lim S, (z;fov) =0 for almost all =z € Q. (6.6)
n— o0

Here the notation f o) is understood in the sense of equality (5.2), i.e. foy) = gff).

Theorem 6.4. Let N > 3. For any integer k andr : 1 <k < 2. [%] , k<r <N,
and any v, € : P € Uy and 0 < € < (2m)N, there exist the open sets A = (e, V),
Q=Q ,(5,0): QCACTN, p > 21)N —¢, 0 < uQ < p such that

1. There exists a function f(©) = f,g?;w € A,(CO)(’IFN), fOz) =0 on 2, and

lim [S,(z; f)] = 400 for almost all =€ TV. (6.7)
n—00

2. For any j € J and for any function f € Agj)(TN), f(x) =0 on 2,

lim S, (z;fov) =0 for almost all =z € Q. (6.8)
n— o0

Here the notation f o is understood in the sense of equality (5.2), i.e. foy) = gff)
and (€] is the integral part of &.

Remark 6.5. Taking into account the embeddings: A,(Cj) 5 AW j e {0} J for
all k and r: k < r < N, and embeddings A,(CO) C A,(Cl) for even k, k > 4, we can
make a conclusion that the 2-nd point in theorem 6.4 (see estimate (6.8)) is true,

as well, (in case of even k, k > 4) for the function f(©) ¢ A,(CO), defined in point 1
of this theorem (see estimate (6.7)).

Further, in theorems 6.1- 6.4 the function f (in estimates (6.1), (6.2), (6.5)
and (6.6)) and the function f(®) (in estimates (6.3) and (6.7)) depended on the
transformation ¢, ¢ € U (i.e. for each transformation ¢ its own function f
was found (the function f(9)). So the question naturally arises: is it possible to

construct a “universal” function f (f € A,(CJ), with arbitrary small support), whose
Fourier series unrestrictedly diverges (everywhere or a.e.) on T?V, and, at the same
time, the same series, but already of the function f o1, for any ¢ € ¥ converges
(everywhere or a.e.) on some subset (of positive measure) of TV?

For the class of transformations ¥y C F, where F is a group of rotations
of RV about the origin (see condition (4.3)), the answer to the posed question
appears to be positive in many cases, and this fact is connected (partially) with
the definite “specific character” of the problem (considered in the present paper)
for transformations in F.
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7. The Group of Rotations of R About the Origin

Denote as
B(O,7) ={z € RN : |z| < 7} (7.1)

a ball inscribed into the cube T . It is obvious that for any rotation 7, 7 € F and
for any set E C B(O,n) — the set 7(E) C TV.

Note that for 7 € F the set 7=1(TV)\ TV (and, moreover, the set {z € RV :
|z] < /N -7} \ TV ) in the definition of functions gV =12 (see (5.1), (5.2))
— (in general) “vanishes”. The last is natural for the problem under consideration
for Fourier series. However, this “vanishing” can be avoided in the problem 2 if
we consider a more “narrow” class of functions f(z), namely, f: supp (f - X, ~) C
B(O,7).6

7.1. The Set of Transformations ¥,. Solution of Problem 2. Functions in I,

Theorem 7.1. Let F be a group of rotations of R? and let ¥y, ¥y C F satisfy
condition (4.3). For any e, 0 < & < (27)?, there exists an open set A = A, C T?,
pA > (27)% — € such that

1. There exists a function O = f ¢ L1 (T?) such that fO(z) = 0 on 2,
supp (f©) - x,,) € B(O,7) (see (7.1) ) and

lim |8, (z; f)| = 400 in each point x € T2
no— o0

2. For any T € ¥y there exists an open (nonempty) set Q@ = Q.(7) C A such
that for any function f € Ly(T?): f(z) =0 on A, supp (f - x,,) C B(O,7),
lim S, (z; for)=0 in each point x € .

n—00

Here the notation f ot is understood in the sense of equality (5.2), i.e. for = gf).

“

Concerning the case N > 3, a “weaker”, to some extent, result is true, for

example, the following theorem holds.

Theorem 7.2. Let F be a group of rotations of RN, N > 3, and let o, ¥y C F
satisfy condition (4.3). For any j, 1 < j < N, and any e, 0 < e < (2m)", there
exists an open set A=A, ; C TN, p2A > (2m)N — e such that

1. There exists a function f© = f© ¢ Li(TN) such that fO(z) = 0 on 2,
supp (fO - x_ ) CB(O, ) (see (7.1)) and

lim |S,,(z; fO)| = +o00 in each point € TV. (7.2)
no— o0

6In the problem 1 (for 7 € F) this “vanishing” can be also avoided by choosing a “smaller”
supp (f - X’H‘N) but (as it is not difficult to calculate) only for N = 2 and N = 3.



Linear Transformations of R™ and Problems of Convergence of Fourier Series 21

2. For any T € Uy (except rotations about the axes containing the coordinate
azis Oz ) there exists an open (nonempty) set Q = Q. ;(7) C A such that
for any function f € L1(TYN) : f(z) =0 on A, supp (f - X,~) C B(O,7),

lim S, (z;for)=0 in each point x € .

n—00

Here the notation f ot is understood in the sense of equality (5.2), i.e. for = gf).

We formulated Theorem 7.2 where we excluded rotations about the axes
which are s-dimensional manifolds (1 < s < N — 2) containing some (fixed) co-
ordinate axis. Note that divergence of the “original” Fourier series (of function
f, f = f© such that the support of the function supp (f - X,~) in B(O,7))
takes place on the whole cube TV (see (7.2)). If in the research of the posed prob-
lem (problem 2) we have no aim to have divergence of the (original) Fourier se-
ries on the whole cube T, but we want to “remain” in the class of functions
{f €Li: supp(f-x.n) CB(O,m)}, we can obtain the following results.

Theorem 7.3. Let F be a group of rotations of RN, N > 3, and let ¥y, ¥y C F
satisfy condition (4.3). For any e and o : 0 < ¢ < (2m)N, 0 < a < (2m)", there
exist the open sets Qo = Qo(e, a), A =Ac 0 : Qo C A C TV, pA > 2m)N — ¢,
0 < ufo < min(a, pA) such that
1. There exists a function f(©) = fE(OZY € Li(TN) such that fO(z) = 0 on 2,
supp (f©) “X.n) CB(O,7) (see (7.1) ) and
a) lim |S,,(z; f©)| = 400 in each point =€ TN\ Q,
no— o0
b) lim S,(z; f©)=0 in each point z € Q.
n— o0
2. For any 7 € Uy there exists an open set Q1 = Qq(7, &, a) C A such that
Qo C N, puQo < pu and for any function f € Li(TN) : f(z) = 0 on A,
supp (f - x,x) C B(O, ),

lim S, (z;fo7)=0 in each point z € Q.
n— o0

Here the notation f ot is understood in the sense of equality (5.2), i.e. for = gf).

7.2. The Set of Transformations ¥(. Solution of Problem 2. Functionsin L, p > 1
Let us fix an arbitrary 4, 0 < § < 1 and define the following set of “small oscilla-
tions (small rotations)” ¥o(0), ¥o(d) C Uy

Uo(6) ={r€Ty: |[rz—a|<d forany zeTV}. (7.3)
Theorem 7.4. Let F be a group of rotations of R?, and let ¥y, ¥y C F satisfy

condition (4.3). There exist the open sets g, A : Qo C A C T3, p2 > (2m)3 — ¢,
0 < Qo < p such that

1. There exists a function f(©) € Lo (T®), such that £ (x) = 0 on A, supp (f©)-
X,s) C B(O, ) (see (7.1) ) and
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a) lim [S,(z; fO)] = +oo  for almost all x € T3\ Qo,
n—00
b) lim S,(z; f©)=0 for almost all z € Q.
n—00
2. There exists 6 > 0 such that for any 7 € Uy(d) C g (see (7.3)) there exists

an open set Oy = Qq(1) C A such that : Qo NQy # 0, uQo < py and for
any function f € Loo(T?): f(x) =0 on A, supp (f - x,,) C B(O,7),

lim S, (z; for)=0 for almost all =z € .
n—00

Here the notation f ot is understood in the sense of equality (5.2), i.e. for = gg).

7.3. The Set of Transformations ¥,. Solution of Problem 1

An analog of Theorem 7.1 is true, exactly

Theorem 7.5. Let F be a group of rotations of R?, and let ¥y, ¥y C F satisfy
condition (4.3). For any &, 0 < & < (27)? there ezist an open set A = A, C T2,
pA > (27)% — € such that

1. There exists a function O = f ¢ L1 (T?) such that fO(z) = 0 on 2,
supp (f© - x,.) ¢ B(O,7) (see (7.1) ) and

lim |8y, (z; f©)| = 400 in each point x € T2
no— o0

2. For any T € ¥y there exists an open (nonempty) set Q@ = Q.(7) C A such
that for any function f € L1(T?) : f(z) =0 on A, supp (f - X.2) € B(O, ),

lim S, (z; for) =0 in each point x € .

n— o0
Here the notation for is understood in the sense of equalities (5.1), i.e. for = gg).
Remark 7.6. The results of theorems 7.1, 7.2 and 7.5 in somewhat “more weak
variant”, where the 2-nd point was “formulated for the function f(®)” were proved
by us in [11].

Remark 7.7. The result of theorem 7.4 is valid as well for continuous functions
and, moreover, for continuous functions with some modulus of continuity.

Remark 7.8. In theorems 6.2, 6.4, 7.1-7.3, and 7.5 the sets of convergence (to zero)
are a finite collection of open rectangles (for N > 3 - parallelepipeds) with sides
(N > 3 - edges) parallel to the coordinate axes.
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Sidon Type Inequalities for Wavelets

N.A. Sheikh

Abstract. In 1938, S.Sidon [9] proved an inequality for the complex trigono-
metric system on interval [0, 1) known as Sidon type inequality. This in-
equality was generalized by Bojanic and Stanojevic [1]. The Walsh case was
investigated by Moricz and Schipp [7]. Another generalization for trigonomet-
ric case was given by Buntinas and Tanovic-Miller [2]. Here in this paper we
proved it for wavelet case and also obtained the convergence of wavelet series
in L' norm.

Mathematics Subject Classification (2000). Primary 41A17; Secondary 42C15.

Keywords. Sidon inequality, trigonometric system, wavelets, convergence in
L' - norm, Hardy spaces.

1. Introduction

Denote u = {un,n € Norn € Z} an orthonormal system defined on interval I,
where N is the set of non-negative integers and Z is the set of integers. The
Dirchlet kernels with respect to this system are denoted by

D, =Di= > u, (nep=N\{0}
|k|<n

If U = T is the complex trigonometric system on [0,1) i.e., U, (z) = e, (z) =
e (z € I,n € Z) then for every sequence a = {a,,n € P}

M, (a,U) = %/

I

n—1
Z aka (CL’)
k=0

de < C 1.1
v< O max lael, 1)

holds with an absolute constant C' > 0. This was proved by S.Sidon in 1938 [9] .
Concerning the history and elegant proof see Telyakovskii [10].
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A generalization of (1.1) is the following inequality

p
M, (a,U) < C, (i 3 |ak|p> (p>1,neP), (1.2)

where C), depends only on p.

For the trigonometric system it was proved by Bojanic and Stanojevic [1]. The
same holds for complex trigonometric system T' = (e,,, n € N) with non- negative
indices which can be proved in the same way . The Walsh case was investigated
by Moricz and Schipp [7] and (1.2 ) is proved for the Walsh - Paley system with
constant C), = (21)'0_511; .

Another generalization for the trigonometric case is given by Buntinas and
Tanovic - Miller [2] namely, if 1 < p < 2 and 11; + % =1, then

1
n n /
1 log o _1 (1 p
- de < - p
n/ pr<<n>§|ak|+OéQ<n§|ak|> )
T k=1 k=1

1 1
for all @ > 1 where Kp:2<1+e/q> (p—1) p .

n—1
Z aka (CL’)
k=0

Let X be normed subspace of L' = L]0, 1) containing the dyadic step func-
tion, i.e., the function of the form
2m—1

Ap = > arx[k2 (B +1)277) (1.3)
k=0

where x; denotes the characteristic function of the set ‘j” and ap = 0. The norm

in X is denoted by [lal|y . If X = L? (1 < p < o) then we denote L? - norm by

||l - By means of this norm we introduce a sequence norm setting

lallx = suppen [Anllx (1.4)
where the functions A,, are defined by (1.3). We denote by X° the set of sequences
a = {ai} satisfying |la||y < oco. Using this notion (1.2) can be written in the

form

My, (a,U) = sup Man (a,U) < Cpllafl, (1<p<o0),
nenN
where |||, denotes the sequence norm induced by the usual L? -norm.
The dyadic Hardy space HP can be defined by means of dyadic maximal
function
. 1
ff(z) =sup —— / |f (t) dt| (z€][0,1), fe L)
neN |In (2)|
I, (x)
Where I, (2) is the dyadic interval of the form [k27™, (k+ 1)27™) containing
x and |I,(z)| = 27™ is the length of I, (z) . The dyadic Hardy space H? (1 < p <
o) is the collection of function f € L' such that
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1l e = 1171, <00

It is clear that |||, < |f|/;: and H' is a complete proper subspace of L.
It is known (see [7]) that for p > 1

* p
£l < 1771, < m\\f\\p

and consequently HP = LPifl < p < oo and in this case the LP-norm and
HP-norms are equivalent.

The dyadic Hardy space H = H'! has atomic characterization [8]. A function
[ € L is called dyadic atom if either 8 = 1 or there exists dyadic interval
J C[0,1) such that

(i) {8#0}={z€l0,1): B(z) #0} CJ
(i) 18l = 117"
(

iii) ({1,6(15) dt =0

A function f € L' belongs to H if and only if there exist dyadic atom 3y, 31, — — —
and a sequence {a, ,n € N } such that

F= b, lalp =2 lan| <00, (1.5)
n=0 n=0

furthermore,
1fllg < inf flalln <25 (1],

where infimum is taken over all sequences a € I! such that (1.5) holds for some
atoms (g, f1, — — —

The classical Hardy space consists of functions f, analytic on unit disc, which
satisfy

1 2m 1/p
sup %/|F(rei9)|p < 0.
0

0<r<1

By taking real part of the boundary functions
lim F (re) (0 < 6 < 2
lim (re’”) (0 < 0 < 2m)

and identifying the boundary of the unit disc with the interval [-1,1), one generates
the classical non periodic Hardy space S? on [0,1), (1 < p < 00) . As in the dyadic
case SP and LP are isomorphic for 1 < p < oo, and S = S! is a proper Subspace of
L'. Moreover S has an atomic characterization just like that of H. The essential
difference is that an atom for S can be supported on non dyadic intervals. Thus
every dyadic atom for H can be supported on non dyadic intervals. Thus every
dyadic atom is an atom for S but not conversely. Hence H C S
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To obtain conditions on the series Z aruy sufficient to L' - convergence.

We introduce a class of sequences 1nduced by norm ||. ||y . For a sequence b =
{bn,n € P}, set
2" -1
B = Y ax[k27"(k+1)27"), (neP),
k=2n—1

and introduce the sequence norm

Il =D 2" 1B I"lx -
n=0

If X = LP we obtain the class of sequences introduced by Fomin [3].
Obviously
ol 2 < Mol < [lolle (1 <p<o0)

A summation by parts yields that the nth partial sum of the above series can
be written in the form

S, = Z apuy = Z AapDy + apnD, (n € P)

where Aap = ag—1 —ar. (k€ P).

The convergence of wavelets has been investigated by many authors. Y Meyer
[6.ch.2] was among the first to study the convergence of wavelet expansions. He
showed that if the mother wavelet is r- regular, the orthogonal wavelet expansion
of a function will converge to it in the sense of L? (), 1 < p < oo, and in the sense
of some Sobolov spaces as well. G.Walter [10] proved that the orthogonal wavelet
expansion of a function f € L'( L? converges to f pointwise at every point of
continuity of f and uniformly on compact subsets of any interval (a, b) on which
f is continuous. Later, he relaxed this condition and assumed that the scaling
function ¢ satisfies the condition |¢ (x)| < ﬁ . In [4,5], S. Kelly, M. Kon,
and L. Raphael improved Walter’s result by proving pointwise convergence of
orthogonal wavelet expansions not only under less stringent conditions, but also
by extending them to n-dimensions.

2. Definitions and Notations

Wavelet analysis of a function f € L? (R) basically consists in the decomposition
of ‘f” as a sum of wavelets

oo = || T (x‘b) ,
a

where 1y, , are dilated and translated copies of mother wavelet ¢ and these func-
tions are scaled so that their L? (R) norms are independent of ‘a’
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For any j,k € Z, we have
@l =1 [ 17 @) Fa 12 =272

Hence if a function ¢ € L? (R) has a unit length, then all the functions 1, j
defined by

Yin (@) =2"/2¢ (Y2 k), jkeZ, (2.1)
also have a unit length i.e.,
[$5nlly =Yl = 1,5,k e Z.

A function ¢ € L? (R) is called an orthogonal wavelet (o.n wavelet), if the
family {1, }, as defined in (2.1) is an orthonormal basis of L?(R), i.e.,

<wj,k7wl,m> = (Sj,l (Sk,m ; j7 ka lam €z

where
5 — 0, whenj+#k
PPV 1, whenj=k

is the Kronecker delta defined on Z x Z . Moreover, every f € L?(R) can be

written as
oo

f@=. Y cixtjx() (2.2)
Jik=—o00
This series representation of ‘f’ is called wavelet series. Analogous to the
notion of Fourier coeflicients the wavelet coeflicient c; are given by

e = fy i) = / f (@) By (@) de. (2.3)

That is, if we define an integral wavelet transform W, on L? (R) by

T —b

Wy f) (b,a)=|a|_1/2 jof(wW( )dw,fELQ(%)

The wavelet coefficient in (2.2) and (2.3) become
k1
ik = (Wyf) <2J 2J> :
Denote ¢ = {4, x, j, k € Z} an orthonormal wavelet system defined on I =

[0,1]. The Dirchlet kernels with respect to orthonormal wavelet system 1) are
denoted by

Dmn = > Wik (mneP=N/0)

gl <m
k] <n
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Let us also denote

i

m—1n

M (¢, ) = % / SN cinDik (z)| do

7| 3=0 k=0
where ¢ = (¢ 1) are wavelet coefficients of the wavelet series,

o0

Y it (2.4)

Jk=—o0

The partial sum of (2.4) is written as

a q
Spg = Z Z Cj,k¥j k-

j=—pk=—p
Set
2m—1 2"-1

Brm= SN ez G+ D2 k2T (R 1)277),

j:2m—1 k=2n—1
and introduce a norm

o0

lellx = >~ 2™ IIB™ ] x.

m,n=0

3. Main Results

In this section we will prove Sidon type inequalities for wavelets and convergence
of wavelet series in L'~ norm.

Theorem 3.1. Suppose that for wavelet system 1 = { ¢, j, k € Z}

m—1n—1

1
M (e, 9) = %/ SN eirDik (z)| do
7 | 3=0 k=0
M (¢,9) = sup My, 5, (¢,9) < Cllell (3.1)

is satisfied with constant C' > 0 independent of wavelet coefficients ¢ = { ¢; 1}
(i) If for every mym,i,t € N, |Ymnl =1, and
D(m—i—i,n—i—t) - D(m,n) = 1pm,n-Di.t s (32)

then
M(C7 w) < Cl HCHS7 (33)

for all c ={c¢j i} , where C1 > 0 is constant independent of c.
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(ii) If for every l,r,s € N and 0 < j, k < 2%, |¢(j7,€)23
Pjos,k2s and

= 1, where ¥ r)2s =

Da.ry2s1(j.k) — Dry2s = Y,ry2s Dyoks (3.4)
then
M (c,9) < Cq lclly (3.5)
for all ¢ = {¢; i}, where Cy > 0 is constant independent of ¢, and

Dmy2s+(j.k) = Dazsjras+k)
Theorem 3.2. Let 1 be a wavelet system. If
|1 Dp,qll = 0 (logpg) as p,q — oo, (3.6)
then the wavelet series converges in L' — norm.

Proof of Theorem 8.1: First we show that for every m,n € N and every ¢ = { ¢; 1}

My (¢,¥) <C1 | Amnllg - (3.7
—1n—1
where A, ,, = Z > eiexli G+ 1) x[k, (K +1)) .
7=0 k=0

To prove (3.7) let the sequence ¢ of wavelet coefficients ¢ = { ¢} be such
that the corresponding function 4,, , is a atom supported in J = [, (I 4+ 1)) and
k=[r,(r+1)).Set m=1and n=r.In this case

¢ L0+ D)
@ ox=0 (1531

(b) li:l Til Cjk =

j=o0k=0
(©) lejul <lr, 0<j <m, 0<k <n.
Thus
1 m—1n—1
M - D,
m,n (c,¥) mn/ Z ZCJ,kDJ,k (t)| dt
T 7=0 k=0
1 m—1n—1
= / k) (Dar+iim () = D ()| dt
mn ,
T 7=0 k=0
From (3.2) we get, = - [ Z Z ct,r)+Gik)Dik () | dt
I | 7=0 k=0
—1n-1
Since by (3.1) [ Z Z cr)+G ) Djk () | dt < max |Cim]
I | j=0 k=0 I<i(r+1)

r<m<(r+1)
By (c) we get
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Replacing atomic decomposition by dyadic atomic decomposition (ii) can be
proved in a similar way.
Remark: For every ¢ = {¢;;} and 1 < p < oo, then

M(c,¢) < Cllellg < C

P el
p—1""""

where C' > 0 is an absolute constant? O

Proof of Theorem 3.2: If we choose p < | and ¢ < r where 2™~ 1 < [ r < 2™
and 2”71 < p,q < 2". Then

p q
1Sp,0 = Sicarlly < DD Abi;Dy

i=l j=r 1

+ le—1,0-1] HDl—l,r—lH1 + [cpql [1Dpg

where A bi,j = bi i —bi+17j —bi7j+1 +bi+17j+1 . On the basis of HDIMZH =0 (log pq)
as p,q — oo, the second and third term tends to zero as p,q,l,r — co. On the
basis of above remark the first term is estimated and is equivalent to

i

p q
ZZAbi,jDi,j < 2mEn | B™M|

1=l j=r 1
o0 o0
+ Z Z o(I1+12) | |BT 12| ||H +274 || | B™| ||
Ii=m+1 Is=n+1
which tends to zero as p,q,l,r — 0. ]
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Almansi Decomposition for Dunkl-Helmholtz
Operators

Guangbin Ren and Helmuth R. Malonek

Abstract. We consider the iterated Dunkl-Helmholtz equation (A —X)"f =0
for nonzero A in a domain of RY. Here A;, = Z;\le Df— is the Dunkl Laplacian,
and D; is the Dunkl operator attached to the Coxeter group G associated with
the reduced root system R,

D@ = @+ Y w IO,
veER
where k., is a multiplicity function on R and o, is the reflection with respect
to the root v.
We prove that any solution f of the iterated Dunkl-Helmholtz equation
has a decomposition of the form

f(@) = fo(x) + Rufi(@) + - + Ry faor(2),  Vae®
where f; are annihilated by Ap — A, v is a fixed but arbitrary complex number,

and R}, = (R,)" are given by R, = pl + Ro, with I the identity operator and
Ro the Euler operator.

Mathematics Subject Classification (2000). Primary 33C52; Secondary 31A30,
35C10.

Keywords. Dunkl operators, Helmholtz equation, Almansi decomposition.

1. Introduction

Polyharmonic theory is a powerful tool in many fields. As extension of polyno-
mials, polyharmonic functions play a key role in multivariate approximation [1].
The polyharmonic theory has its roots in the theory of elasticity [2] and in radar
imaging [3]. The fundamental result in the theory of polyharmonic functions is the

The first author was partially supported by the NNSF of China (No. 10471134), the SRFDP
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celebrated Almansi theorem [4, 5], which shows that for any polyharmonic func-
tion f of degree n in a starlike domain € in RY with respect to 0, i.e., A"f =0,
there exist unique harmonic functions fy, ..., f,—1 such that

f@) = fo(x) + |z fr(z) + -+ 2"V fi(z), VzeQ

We refer to [6] for the applications of the Almansi decomposition in partial differ-
ential equations.

As same as the iterated Laplacian, the iterated Helmholtz operators (A —X)",
A € C\ {0}, have also gained considerable interest in mathematical physics [7].
These operators can be further considered in the setting of the Dunkl theory. The
Dunkl theory is an extension of the classical harmonic theory. In 1989, Dunkl (8]
constructed for each Coxeter group a family of commutative differential-difference
operators D, called Dunkl operators, which can be considered as perturbations
of the usual partial derivatives by reflection parts. These operators stem from the
analysis of quantum many body system of Calogero-Moser-Sutherland type [9] in
mathematical physics. They also have their root in the theory of special functions
[10]. With Dunkl operators substituted for partial derivatives %j, one can define
the Laplacian in the Dunkl setting, which is a parametrized operator and invariant
under reflection groups. These parametrized Laplacian underlies the Dunkl theory
[11]. The Helmholtz operators in the setting of the Dunkl theory are called the
Dunkl-Helmholtz operators.

The purpose of this article is to extend Almansi’s theorem from Laplacian to
the Dunkl-Helmholtz operators. A new phenomena shall arise that the auxiliary
function jumps from |z|? to the Euler operator as A being away from zero in the
Almansi decompositions for A — A.

2. Main Theorem

For a nonzero vector v € RY, the reflection o, in the hyperplane orthogonal to v
is defined by

(@0
CIE.
where the symbol (z,y) denotes the usual Euclidean inner product and |z|*> =
(x,x).

A root system R is a finite set of nonzero vectors in RY such that o,R = R
and RN Rv = {£v} for all v € R.

The Coxeter group G (or the finite reflection group) generated by the root
system R is the subgroup of the orthogonal group O(N) generated by {c,, : u € R}.

The positive subsystem R, is a subset of R such that R = Ry U (—R,),
where R4 and —R. are separated by a hyperplane through the origin.

A multiplicity function x, is a G-invariant complex valued function defined
on R, i.e, k, = kg forall g € G.

z e RY,

Oy =2 — 2
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The Dunkl operators D;, associated with the Coxeter group G and the mul-
tiplicity function k, are the first order differential-difference operator

Dif(e) = o flo)+ 3 m I L),

vER}
The remarkable property of Dunkl operators is commutativity
D,Dj =D;D;.
The Dunkl Laplacian is defined as
A, =D} +...+D5.

Let Q be a G-invariant convex domain in RY including 0, i.e, G(2) C £, 0 € €,
and tz + (1 —t)y € Q for all t € [0,1] and z,y € Q. A function f: @ — C in
C?"(§)) is Dunkl polyharmonic of degree n if (Ap)"f = 0.

In [12], the Almansi decomposition theorem is established for Dunkl opera-
tors:

Theorem 2.1. Assume that
Re Y  ky>—N/2. (2.1)
’UER+

Let Q be a G-invariant convex domain in RY including 0, where G is the Coxeter
group in RN. If f is a Dunkl polyharmonic function in Q of degree n, then there
exist unique Dunkl harmonic functions fo, ..., fn—1 such that
f@) = fo(x) + |2 fi(x) + -+ 2P Vfi(2), Vze. (2.2)
Conversely, the sum in (2.2), with fo, ..., fn—1 Dunkl harmonic in Q, defines
a Dunkl polyharmonic function in Q0 of degree n.

In this article we consider the decomposition theorem for the iterated Dunkl-
Helmholtz operator.

Definition 2.2. The Dunkl-Helmholtz operator is given by
Apy:=Ap—A
for any A € C\ {0}.
When k, = 0, the Dunkl-Helmholtz operator is just the Helmholtz operator.
We fix p € C throughout the paper. Let I be the identity operator. For any

smooth function f in €2, we denote the Euler operator

Rof(z) = ij%j(x), reQ,
j=1
and denote
RM = ,uI + R().
For simplicity, we write the iterated operators
AZ,/\ = (A", R}, = (R,)".
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For A € C\ {0}, we denote
1
Ck = Cg,\ = 7]{!(2)\)’6.
Our main result is contained in the following theorem.
Theorem 2.3. Let k : R — C be an arbitrary multiplicity function on R,  be a
G-invariant domain in RN, X € C\ {0}, and p € C. If f € C*"() satisfies

S =0. (2.3)
for some positive integer n, then there exist unique functions fo, ..., fn—1 annihi-
lated by the Dunkl-Helmholtz operator Ap x such that

f(z) = fo(x) + Rufi(z)+ -+ Rz_lfn_l(x), Ve (2.4)
Moreover the functions fq, ..., fn—1 are given by the following formulae:
fo = (I—-caR M) —c2RIAL ) (T~ Cn—1RZ_1AZ,}1)f($)
fi = 1A a(I = c2RLAG L) -+ (I — Cn—lRZ_lAZ;\ )f(z)
fn—2 = Cn—2AZ7_)\2(I - Cn—lRZ_lAZ;\?f(x)
fn—l = Cn—lAZ;\ f(x)

Conversely, the sum in (2.4), with fo,..., fn—1 annihilated by the Dunkl-
Helmholtz operator Ay, in Q with nonzero A, defines a function f in Q satisfying
(2.3).

Remark 2.4. Comparing the Almansi decompositions for the Dunkl operator and
the Dunkl-Helmholtz operator, we find the auxiliary function |z|? in (2.2) changed
to R, in (2.4) which causes a big difference. The Almansi decomposition for the
Dunkl-Helmholtz operator puts no restriction to the multiplicity function s, in
contrast to the case for Dunkl operators. In the literature, it is generally assumed
that &, > 0 (see [11]).

3. Some Lemmas

We first recall some basic facts in the theory of Dunkl harmonics; see [11].

Let R be a root system in RY and G the associated Coxeter group. Fix
a positive subsystem R, of R. Let k : R — C be a fixed multiplicity function
v — K, on R. The Dunkl operators D;, associated with the Coxeter group G and
the multiplicity function k, are the first order differential-difference operator. They
enjoy the regularity property: If f € C™(Q) with m > 1, then D;f € C™ 1(Q).
This follows immediately from the formula

F@) = F00r) _ Moo ot (1 ). 22
(z,0) —/0 (Vf(toyz + (1 —t)x), |v|2>dt (3.1)

for f € C1(Q) and v € R. Here V is the usual gradient operator.
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The Dunkl Laplacian Aj, = Zj\]_l D? can be written as (see [11]),

Apf(z) =Af(z)+2 ) Ky -2 ) & MW.

vERL vERL

Here A is the ordinary Laplacian operator. When x = 0, the Dunkl Laplacian Ay
is just the Laplacian A.

By the regularity of Dunkl operators, Ay is a regular operator in any G-
invariant convex domain. Namely, if f € C™(Q) with m > 2, then Apf €
cCm2(Q).

Consider the natural action of O(N) on functions f : RN — C, given by
gf(x) = f(g~'x). The Dunkl Laplacian A, is G-invariant, i.e.,

goAp=Apog, VgeaG.

Ezample. In the one-dimensional case N = 1, the root system R is of type A,
the reflection group G = Zs, and the multiplicity function is given by a single pa-
rameter k € C. The Dunkl operator D := D; and the Dunkl-Helmholtz Laplacian
Ay » are given respectively by

'Df(l') _ fl(x)—‘—[gf(x)_f(_x),
Anrf@) = f'(x)+2x) g(ff EPWIC) ;Qf =2) _ ).

If f is an even function, then the third term in the formula of Ay, ) f vanishes,
while the sum of the first two items provides a singular Sturm-Liouville operator.

With the regularity of Dunkl operator in hand, we can establish some lemmas.
Recall our assumption that Q is a G-invariant domain in RY, A € C\ {0}, and
weC.

Let s € C such that Re s > 0, and denote

/1 f(tz)tstdt.
0

If 2 is a G-invariant domain in RY and Re s > 0, then as operators on C%(Q) (see

[12])
AhIs = Is—i-ZA;
R, = I;,R,=1.

Lemma 3.1. If f € C*(Q) and p € C, then

Ry oAnf = ApR,f. (3.2)
Proof. If Re s > 0, then Rs12Ap = RsyoAplsRs = RsiolsioApRs = ApRg, so
that Ru+2Ah = (R5+2 + (,u —s)I)Ap = ALRs + Ah((,u —9)) = AhRu- O

As a result, we find that if f is Dunkl harmonic, then so is R, f.
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Lemma 3.2. Let f € C*(Q) be such that Ap\f = 0. Then for any p € C and
neN
cn AR AR =T (3.3)

Proof. We prove the identity by induction on n. As A, Ry = (21 + Rg)Ap, a simple
calculation shows that

ApaRy = RyApx + 205 3 + 21 (3.4)

The assertion (3.3) with n = 1 follows from (3.4). Now we assume the validity
of (3.3) for the case n = r and prove the case n = r + 1. Let f € ker Ay, 5, then by
assumption

AR f =0. (3.5)

Therefore from (3.4)

ARV F = Af \(RuAnx + 20k 5 + 20 R f.
Denote C,, = 1/¢, = n!2". Applying (3.5) and the induction hypothesis, we have

AZ?&IR;H]‘ = Ap NRUARAR [+ 20C, f.
It is seen that an additional factor appears after having interchanged R, with
Ap . Continue in this way we obtain
AR = ALRLAR (R f +4XC, f

= R,AVER, +2(r+1)AC, f.
From (3.5), we see that (3.3) holds for n = r + 1. This completes the proof. t

4. Proof of the Main Theorem
Now we come to the proof of our main theorem.

Proof of Theorem 2.3. Let n € N and denote H, = {f € C*"(Q) : A}, f = 0}.
For shorthand, we write
T, = (R,)".
It is sufficient to show that
H,=H, +T, 1H;, néeN.
Notice that Lemma 3.2 states that in H;
CHAZ)\TH =1. (41)
We split the proof into two parts.
(i) H,D Hp—1+T,—1H:.
As H,_1 C H,, we only need to show that T,,_1H; C H,. For any
g € Hq, it follows from (4.1) that

Af \(Tno1g) = ¢ 1 Apa(en 187 3 To1)g = ¢, 11 Apag = 0.
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(i) Hn CHpo1+Th_1H;.
For any f € H,, we have the decomposition

f=U=carTu a AR 4 Taca(en1 A7 5 ).

It is evident that the function between brackets in the second term belongs
to H1. We only need to show that also the first term is in H,,_1. This can be
verified directly. Indeed

AT = ean T A = (B35~ (eam A3 Tum) A f
= (AR AR =0,
as desired.

This proves that H, = H,,_1 + T,,—1H1. By induction, we can easily deduce that
H,=H +TiH +---+T,_1H;.

Next we prove that for any f € H,, the decomposition
f=9+Tw-1fn-1, 9g€Hn 1, fn1€H

is unique. In fact, for such a decomposition, applying AZ;} on both sides we obtain

AV = AR lg+ AT T 1 faa
= C;i1fn—1-
Therefore
fn—1= Cn—1AZ:\1fa
so that

g = f - Tn—lfn—l = (I - Cn—lTn—lAzs\l)f'
Thus the uniqueness follows by induction.
To prove the converse, we see from (3.3) that, for any n € N, A;:jg\lRZHl =0.
Replacing n by j, we have
A} \RJ,Hy =0
for any n > j. So RiHl C H, for any j < n, as desired. (]
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An Uncertainty Principle for Operators

Michael G. Cowling and M. Sundari

Abstract. Hardy’s Uncertainty Principle asserts that if f is a function on R"
such that exp(a| - |*)f and exp(8| - |*)f are bounded, where a8 > 1, then
f = 0. In this paper, we prove a version of Hardy’s result for operators.

Perhaps the basic difficulty in Fourier analysis, which is evident in the theory of
wavelets, is that nontrivial functions cannot be localised in time and frequency.
One manifestation of this is Hardy’s Uncertainty Principle: suppose that f is a
function on R™ and that

|f(z)| < Cexp(—alz|?) VzeR"
IF(O)] < Cexp(—Bl€]*)  VEER™.

If moreover a3 > 1/4, then f = 0; if 3 = 1/4, then f(x) = exp(—alz|?), up to a
constant. In this theorem, and in the rest of this paper, the Fourier transform f
of f is defined by

f(&) = - f(@)exp(—if - x)dz V€€ R™

A proof of Hardy’s Uncertainty Principle (with a different definition of the Fourier
transform and therefore stated slightly differently) may be found in [2]. In this
paper, we prove a version of Hardy’s result for operators.

1. The Main Result
Suppose that K is an operator on L?(R™) which is given by a kernel k, that is,

Kf@) = [ Mo i@y veer

This paper was prepared at the University of New South Wales. The second-named author was
supported by an ARC grant held by the first-named author. She wishes to express her thanks
for this support.



44 M.G. Cowling and M. Sundari

for all f in L?(R™). We call K a kernel operator. Kernel operators may be given
different partial orderings. We write |K;| < |Ko| if

1K fll2 < [ K2flla Vf € L2(R")

and |]€1| S |]€2| if

[k1(z,y)| < [k2(z,y)]  Va,y € R™
We may omit some of the absolute value signs if one of the operators is positive,
or if one of the kernels is positive.

The heat semigroup provides an important family of operators on L?(R™).
We define the heat kernel p, by

2
€T —
ps(x7y):C(8)eXp(_%) vx)QERn

where C(s) depends on n and on s but its precise value is irrelevant, and define
the heat operator P by

Psf(z) = /nps(w,y) fly)dy  VxecR"

for all f in L?(R™). Often P, is written as exp(sA) or exp(—sA), depending on
how the Laplacian is normalised.

Here is our version of Hardy’s theorem for operators. If K is a convolution
operator, this boils down to the classical version of Hardy’s Uncertainty Principle,
but otherwise it is more general.

Theorem 1. Suppose that K is the operator on L*>(R™) associated to the kernel k,

and that
|k| < Cps

K| < CP,
s <t.
Then K = 0.
Before we proceed to the proof, we note that if m is any bounded measurable

function on R™ and k(z,y) = m(z) ps(z,y), then the first two inequalities of the
theorem hold when ¢ = s; but clearly k is more general than a Gaussian.

Proof. Take any smooth compactly supported function b on R™. We will show that
K*b = 0. Since b is arbitrary, this establishes that K* = 0, and hence K = 0.
To do this, take s’ such that s < s’ < t. Then

Kbl = [ )b

< C’(s)/n exp(—%) b(y)| dy

|z

45’

< C(s,s,b) exp(— ) Vz € R™.
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On the other hand, for any nonnegative integer k,
HAkK*ng = sup {|<AkK*b,g>| :g € CP(RY), gl < 1}
< [[blly sup {||KA*g[|, : g € CZR™), [lglla <1}
< C|bllysup {||PA*g|, 1 g € CZ(R™), |lglla < 1}
= C [[bll, sup{exp(—t¢]*) ¢ - € € R"}
kK
=c() loll,

(when k = 0, the right hand side is to be interpreted as C/||b||2). Now take ¢ such
that s’ <t’ <t. As noted by Thangavelu [4],

lexp(t] - PYEE) 1o < 30 10 A |l
keN
Nk
<o O8N (5
keN
t'\NFrk\F 1
=C3(5) (C) g

< 00.

Now a form of Hardy’s principle proved by Cowling and Price [1], which also
follows from a result of Beurling proved in Hérmander [3], states that if

-
lexp (7 ) fllow < o0
lexp(t'|- ) fllz < o0
s <t

then f = 0. We apply this with K*b in place of f to deduce the required result. [
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Uncertainty Principle for Clifford Geometric
Algebras Cl, o, n = 3 (mod4) Based on Clifford
Fourier Transform

Eckhard S.M. Hitzer and Bahri Mawardi

Soli Deo Gloria

Abstract. First, the basic concepts of the multivector functions, vector dif-
ferential and vector derivative in geometric algebra are introduced. Second,
we define a generalized real Fourier transform on Clifford multivector-valued
functions (f : R™ — Clyn,0, n = 3(mod4)). Third, we introduce a set of im-
portant properties of the Clifford Fourier transform on Cl,,0, n = 3 (mod4)
such as differentiation properties, and the Plancherel theorem. Finally, we
apply the Clifford Fourier transform properties for proving a directional un-
certainty principle for Cln,0, n = 3 (mod 4) multivector functions.

Mathematics Subject Classification (2000). Primary 15A66; Secondary 43A32.

Keywords. Vector derivative, multivector-valued function, Clifford (geometric)
algebra, Clifford Fourier transform, uncertainty principle.

1. Introduction

In the field of applied mathematics the Fourier transform has developed into an
important tool. It is a powerful method for solving partial differential equations.
The Fourier transform provides also a technique for signal analysis where the signal
from the original domain is transformed to the spectral or frequency domain. In
the frequency domain many characteristics of the signal are revealed. With these
facts in mind, we extend the Fourier transform in geometric algebra.

Brackx et al. [1] extended the Fourier transform to multivector valued function-
distributions in Cly , with compact support. They also showed some properties of
this generalized Fourier transform. A related applied approach for hypercomplex
Clifford Fourier transformations in Cly , was followed by Biilow et al. [2].

Support by University of Fukui GEPIS 2004 program.
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By extending the classical trigonometric exponential function exp(jx * &)
(where * denotes the scalar product of & € R™ with & € R™, j the imaginary
unit) in [3, 4], McIntosh et al. generalized the classical Fourier transform. Applied
to a function of m real variables this generalized Fourier transform is holomorphic
in m complex variables and its inverse is monogenic in m+-1 real variables, thereby
effectively extending the function of m real variables to a monogenic function of
m+1 real variables (with values in a complez Clifford algebra). This generalization
has significant applications to harmonic analysis, especially to singular integrals
on surfaces in R™*!. Based on this approach Kou and Qian obtained a Clif-
ford Payley-Wigner theorem and derived Shannon interpolation of band-limitted
functions using the monogenic sinc function [5, and references therein]. The Clif-
ford Payley-Wigner theorem also allows to derive left-entire (left-monogenic in
the whole R™*1) functions from square integrable functions on R™ with compact
support.

In this paper we adopt and expand! to G,, n = 3 (mod 4) the generalization
of the Fourier transform in Clifford geometric algebra Gs recently suggested by
Ebling and Scheuermann [7]. We introduce detailed properties of the real® Clifford
geometric algebra Fourier transform (CFT), which we subsequently use to define
and prove a general directional uncertainty principle for G,, multivector functions.

2. Clifford’s Geometric Algebra G, of R"

Let us consider now and in the following an orthonormal vector basis {ej, es, ...,
e, } of the real n-dimensional Euclidean vector space R with n = 3 (mod 4). Each
basis vector has unit square, i.e. e% = 1,1 < k < n. The geometric algebra over
R™ denoted by G,, then has the graded 2"-dimensional basis

{1, €1,€e2,...,€en,€12,€31,€23, .. .,in = €ej1€éy .. .en}. (21)
For the simplest case of n = 3 the basis reduces to

{1,e1, ez, e3, €23, €31, €12,i3 = e1eze3}
{1,143, e1,i3e1 = ea3, 2,132 = €31, €3 = €2€23, €12 = €31€23} (2.2)
= {1,i3, e23,13€23 = —e1, €31, i3€31 = —€2, €12 = €31€23,i3€12 = —€3}.

Equation (2.2) exemplifies for n = 3 the general isomorphisms

gn ~ gn—l x Cr gO,n—l X (C7 (23)

IFor further details and proofs in the case of n = 3 compare [6]. In the geometric algebra
literature [8] instead of the mathematical notation Clp 4 the notation Gp 4 is widely in use. It is
convention to abbreviate G, o to Gn.

2The meaning of real in this context is, that we use the n-dimensional volume element i, =
eies...eyn of the geometric algebra G, over the field of the reals R to construct the kernel of
the Clifford Fourier transformation of definition 4.1. This i, has a clear geometric interpretation.
Note that i2 = —1 for n = 2,3 (mod4).
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which can be exploited to transfer results from a complexified Clifford algebra
Go,n—1 % C to the real geometric algebra G,.

The grade selector is defined as (M), for the k-vector part of M, especially
(M) = (M)o. Then M can be expressed as

M= (M) + (M) + (M)y + ...+ (M),. (2.4)

The reverse of M is defined by the anti-automorphism

k=n
M= " (-1)FEDRO),. (2.5)
k=0
The square norm of M is defined by
1M* = (MM), (2.6)
where
<MN>=M*N=ZO&A,BA (2.7)
A

is a real valued (inner) scalar product for any M, N in G, with M =}, aseq
and N =), Baea, A€{0,1,2,...,n,12,31,23,...,12...n}, aa,Ba € R, and
e, the basis elements of (2.1). Especially for vectors a,b € R™ we get (using the
costumary dot)

a-bz(ab)za*b:ZaA,BA (2.8)
A=1
As a consequence we obtain the multivector Cauchy-Schwarz inequality
(MN)[* < M| |N|* ¥ M,N € Gy (2.9)

3. Multivector Functions, Vector Differential and Vector Derivative

Let f = f(x) be a multivector-valued function of a vector variable « in G,,. For
an arbitrary vector a we define® the vector differential in the a direction as

0 V() = lim L&+ @) — (@)

e—0 €

(3.1)

provided this limit exists and is well defined. The basis independent linear vector
derivative V defined in [8, 9] obeys equation (3.1) for all vectors a and can be
expanded as

V =e,0y,=e101 +exdo+ ...+ €,0,, (3.2)

For use in later sections we state a number of elementary properties of the
vector differential and the vector derivative (compare [8, 9])

3Bracket convention: A- BC = (A-B)C # A-(BC) and AA BC = (AA B)C # AN (BC)
for multivectors A, B,C € Gp 4. The vector variable index @ of the vector derivative is dropped:
Ve =V and a- Vg = a- V, but not when differentiating with respect to a different vector
variable (compare e.g. proposition 3.2).
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Proposition 3.1 (Chain rule for g o A, A € R). Forf(z) = g(A(x)), A(z) € R,

dg
Vi={a VA\z)}. :
a-Vf={a V() Y (3.3)
Proposition 3.2 (Derivative from differential).
Vf=Vala-Vf). (3.4)

Differentiating twice with the vector derivative, we get the differential Lapla-
cian operator V2. We can write V2 = V-V + V A V. But for integrable functions
V AV = 0. In this case we have V2 =V - V.

The following form of the product rule deviates from [8] insofar as we do not
use the perhaps unfamiliar overdot notation of Hestenes and Sobczyk.

Proposition 3.3 (Product rule).
V(fg) = (Vg +Vafla -Vg)=(Vg+ Y erf(Org)- (3.5)

k=1

Note that the multivector functions f and g in (3.5) do not necessarily commute.

Proposition 3.4 (Integration by parts).

a-r=o0
/ g(x)|a - Vh(z)]d"x = [/ g(w)h(w)d"‘lw] —/ [a-Vg(z)|h(z)d" .
n Rn—1 a-r=—00 n
(3.6)
Remark 3.5. Proposition 3.4 reduces to the familiar coordinate form, if we insert
for a the grade 1 basis vectors ey, 1 < k < n of (2.1), because
e,-V=0, and e z=ux. (3.7)
But since the introduction of a coordinate system is arbitrary, we can conversly
always rotate every chosen coordinate vector into the direction of the vector a
of proposition 3.4, which shows that the generalized form 3.4 for the integration

by parts formula is valid. Proposition 3.4 is used in the proof of the directional
uncertainty principle 5.1.

4. Clifford Fourier Transform (CFT)

Definition 4.1. The Clifford Fourier transform (CFT) of f() is the function F{f}:
R™ — G, given by

F{f{w)=[ fl®)e"“Tde, (4.1)
RTL
where we can write w = wie; +wses + ...+ wpen, T =161 + 2289 + ...+ T€,
with ey, es, ..., e, the basis vectors of R".
Note that

d"x

_dzy ANdxa A NdTy (4.2)

in



Uncertainty Principle for Clifford Geometric Algebras 51

TABLE 1. Properties of the Clifford Fourier transform (CFT)

Property Multivector Function CFT
Linearity af(x)+0 g(x) aF{f}w)+ BF{g}(w)
Delay f(x—a) e W eAF{f}Hw)
Shift @0 f(x) F{f}Hw — wo)
Scaling flaz), a € R\ {0} ﬁf{f}(%)
Convolution (f*g)(x) F{fHw) F{gHw)
Vec. diff. a-Vf(x) in a- wF{f}w)
aa:f(a:) ina'vw}-{f}(w)
xf(x) in Vo F{f}Hw)
Vec. deriv. V™ f(x) o (in )" F{fHw) o
Plancherel T. f]R“ fi(z) fo(x) d™x ﬁ fRn FlfiHw)F{f2}(w)d"w
sc. Parseval T.  [o, ||f(x)]? d = ﬁ Jen 1F{f}HW)[? d"w
is scalar valued (dxy, = dzreg, k =1,2,...,n, no summation). For the dimension

n = 3(mod4) the pseudoscalar 4, acts like a commutative® imaginary unit (i2 =
—1), i.e. i, commutes with every element of G,, (it is central), and hence the Clifford
Fourier kernel e~ %% will also commute with every element of G,,. We therefore
have the isomorphism (2.3) [exemplified for n = 3 in (2.2)]. And in consequence,
we also have an isomorphism between the presented Fourier transform and the
classical Fourier transform, which also provides a straighforward strategy for the
proofs of the properties of the CFT listed in table 1. An alternative way would be
to generalize the proofs for n = 3 in [6] to n = 3(mod 4). Due to the isomorphism,
the CFT of equation (4.2) can be broken down to a tupel of 2"~ scalar complex
Fourier transforms, which also permits for numerical applications to make use of
well-established fast Fourier transform algorithms. This has already been exploited
for n =3 in [7].

Theorem 4.2. The Clifford Fourier transform F{f} of f € L*(R",G,),
Jan | fIIPd™® < oo is invertible and its inverse is calculated by

FRUFN@) = f@) = G [ FA@E T re. 43

(2m)"

A number of properties of the CFT are listed in table 1. A related formula
for polynomials of the vector derivative (compare line 9) can be found in [4]. The
reverse of line 10 and the square norm of line 11 are defined in (2.5) and (2.6),
respectively.

41t is possible to define the CFT for n = 2(mod 4) as well, but then care has to be taken of the
general non-commutativity of i,, with the elements of G, .
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5. Uncertainty Principle

The uncertainty principle plays an important role in the development and under-
standing of quantum physics. It is also central for information processing [10].

In quantum physics it states e.g. that particle momentum and position can-
not be simultaneously known. The multivector function f(a) would represent the
spatial part of a separable wave function and its CFT F{f}(w) the same wave
function in momentum space (compare [11, 12, 13]). The variance in space would
then be calculated as (k =1,2,3)

o = [ (@) e oP @) da= [ (e aPlf@)?

where it is customary to set without loss of generality the mean value of ey - x to
zero [13]. The variance in momentum space would be calculated as (I = 1,2, 3)

1 2 7 3
@t @) 0 P w) o

= (271T)3/1‘§3(el -w)2 H]‘-{f}(aJ)sz?‘w.

Again the mean value of e;-w is costumarily set to zero, it merely corresponds to a
phase shift [13]. Using our mathematical units, the space-momentum uncertainty
relation of quantum mechanics is then expressed by (compare e.g. with (4.9) of [12,
page 86])

(Awl)z

AxkAwl = %(SkJF, (5.1)

where 0y, ; is the usual Kronecker symbol. Note that we have not normalized the
squares of the variances by division with F = [p, [|f(x)||* d®x, therefore the extra
factor F' on the right side of (5.1). Further explicit examples from image processing
can be found in [17].

In general in Fourier analysis such conjugate entities correspond to the vari-
ances of a function and its Fourier transform which cannot both be simultaneously
sharply localized (e.g. [10, 14]). Material on the classical uncertainty principle for
the general case of Ly (R™) without the additional condition limy, |« |2]?| f(z)] = 0
can be found in [15] and [16]. Felsberg [17] even notes for two dimensions: In 2D
however, the uncertainty relation is still an open problem. In [18] it is stated that
there is no straightforward formulation for the 2D uncertainty relation.

From the view point of geometric algebra an uncertainty principle gives us
information about how the variance of a multivector valued function and the vari-
ance of its Clifford Fourier transform are related. We can shed the restriction to
the parallel (k = 1) and orthogonal (k # ) cases of (5.1) by looking at the € R™
variance in an arbitrary but fixed direction a € R™ and at the w € R™ variance in
an arbitrary but fixed direction b € R™. This leads to the following theorem.

Theorem 5.1 (Directional uncertainty principle). Let f be a multivector valued
function in G,, n = 3 (mod 4), which has the Clifford Fourier transform F{f}(w).
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Assume [o, ||f(x)]|? d"@ = F < oo, then the following inequality holds for arbi-
trary constant vectors a, b:

1
a-x)?|f(x)|?d"x
| (@ allf@l e s
Proof. Applying the results stated so far we have®
mn 1 mn
| @ ar i@l e g [ (6w? IF (@R
R™ (2m)
table 1 line 6 n
| @ ap Is@)* ae

sc. Parseval

| GewP 1P @) > @67 (P (52)

Gy L, 17 V@I
x)? d'x : 212 d"a
If@I* " [ b Vi) a

a -
a
R’V‘L

footnote 5

(
o
(.

2
a-z | f@)] b V@) d"w)

2
f@) b-Vf()) d"w)

>

n

%\\%\
S
i

2
@) b Vi) d'a)
Because of (2.6) and (2.7)
(b-V)IfI* =2 (0-V)F), (5:3)

we furthermore obtain

.x)? )% d"x 1 cw)? w)||?d"w
| @er i@l e g [ w0 IF (@)

2
—(b-V
> ([ aeg@vinaa)
b-zr=c0
Prog 3.4 i ([/l%nl a- wf(w)2dn—1w:| o

_/n (- V)(a-2)] | f(=)]” d"‘”>2

- e[ f(w)zd"w)>2
(a-

7F2.
b)* 4

Choosing b = =a, i.e. b || a, with a®> = 1 we get from theorem 5.1 the

uncertainty principle for parallel variance directions [compare with case k = [
of (5.1)]:

5¢,9: R™ = C, f]}w |p(2)|2d™x fR“ | (x)|2d™x > (f]R“ ¢(m)¢(x) d"x)?



54 E.S.M. Hitzer and B. Mawardi

-x)?|f(x)||* d"x a-w)? w)||2d"w ! 2, .
| (@ apls)a | (@R lFp@Pre > 1P (54

O

1
(2m)"

Remark 5.2. In (5.4) equality holds for Gaussian multivector valued functions
fl@)=Coe kT (5.5)

where Cy € G,, is an arbitrary but constant multivector, 0 < k € R. The proof for
this follows from the observation that we have for the f of (5.5)

—2ka-xf=a-Vf. (5.6)

Choosing orthogonal directions a,b € R™ we get from theorem 5.1 the un-
certainty principle for orthogonal variance directions [compare with case k # [ of

(5.1)]:
Theorem 5.3. Fora-b =0, i.e. b 1 a, we get
mn 1 mn
| @@l oo [ @wf IFp@Pre =0 60)

Theorem 5.4. Under the same assumptions as in theorem 5.1, we obtain
1 n
o @ &' G [ W IFH@IEe = T 68)
/Rn 2m)™ Jga 4

Remark 5.5. For the proof of theorem 5.4 we first insert % = Y _, (e}, - @)%, w? =
> (e - w)?. After that we apply (5.4) and (5.7) depending on the relative di-
rections of the vectors e, and e;.

6. Conclusions

The (real) Clifford Fourier transform extends the traditional Fourier transform on
scalar functions to G, multivector functions with n = 3 (mod 4). Basic properties
and rules for differentiation, convolution, the Plancherel and Parseval theorems
were introduced.® We then presented a general directional uncertainty principle
in the geometric algebra G,,, n = 3 (mod 4) which describes how the variances (in
arbitrary but fixed directions) of a multivector-valued function and its Clifford
Fourier transform relate. The formula of the uncertainty principle in G,, n =
3 (mod4) can be extended to G,, n = 2 (mod4) taking due care of the resulting
general non-commutativity of i,, with the elements of G,,.

It is known that the Fourier transform is successfully applied to solving equa-
tions in all of classical and quantum physics such as the heat equation, wave equa-
tions, etc. The same is true for applications of the Fourier transform to problems
in image processing and signal theory. Therefore in the future, we can apply geo-
metric algebra and the Clifford Fourier transform to solve such problems involving
the whole range of k-vector fields (k =0, 1,2,...,n) in geometric algebras G,, with
n = 3 (mod 4) and study the inevitably remaining uncertainties of the solutions.

6Similar formulas for n = 2 are also given and applied in [7].
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